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A Short Efficient Analytical Satellite Theory

F.R. Hoots*

Aerospace Defense Command, Colorado Springs, Colo.

A simplified analytical solution for the motion of an artificial Earth satellite under the combined influences of
the zonal harmonics through J, and a nonrotating spherically symmetric power density function atmosphere is
given. This solution has been. obtained by simplification of a more extensive analytical solution previously
published by the author. The simplified version has nearly the same accuracy, yet has only about 16% the
formula amount of the full theory. Comparison is made with two other widely used simplfied analytical theories
of comparable size. Our solution is found to consistently produce equal or superior predlctlon accuracies. For
low-altitude, high-drag satellites, the improvement can approach a factor of 10 or more.

Introduction
N many applications where satellite ephemerides are
| generated on a routine large-scale basis it is desired to have
a general perturbations model of moderate accuracy, yet one
which has a fast computer runtime and small computer

storage requirements. One of the first theories of this type was’

developed by Hilton-and Kuhlman! in 1966. (For a more
recent reference see Hoots and Roehrich.2?) This simplified
general perturbations theory, hereafter called SGP, uses a
simplification of the work of Kozai? for its gravitational
model and it takes the drag effect on mean motion as linear in
time. This assumption dictates a quadratic variation of mean
anomaly with time. The drag effect on eccentricity is modeled
in such a way that perigee height remains constant. SGP is
used throughout the world at radar installations, data
collection stations, universities, etc., where fast, moderate
accuracy satellite predictions are required.

In 1970 Cranford (see Lane and Hoots*) developed a
simplified general perturbations theory called SGP4. This
model was obtained by simplification of the more extensive
analytical theory of Lane and Cranford,> which uses the
solution of Brouwer® for its gravitational model and a power
density function for its atmospheric model. SGP4 is currently
used by NORAD (North American Aerospace Defense
Command) for updating and maintenance of the entire in-
- ventory of near-Earth satellites. Although there are other
general perturbations theories, these two are the main ones
which, owing to their application, have been designed for very
fast computer runtime and a computer core size under 2K
words. ‘

Although SGP and SGP4 can generate predictions of
moderate accuracy for most satellites, it has been found that
their predictions degrade rapidly as satellites approach decay.
In light of this, we have developed a general perturbations
model, hereafter called SGP8, which has comparable com-
puter runtime and storage requirements, yet provides
significantly improved prediction accuracy near decay.

Simplification Procedure

The SGP8 theory is obtained by simplification of an ex-
tensive analytical ‘theory of Hoots? which uses the same
gravitational and atmospheric models as Lane and Cranford
did but integrates the differential equations in a much dif-
ferent manner. The full theory is valid for all eccentricities
between 0 and 0.1 and all inclinations not near 0 deg or
critical inclination.t In obtaining the simplified set of
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‘+Approximately 90% of the satellites currently in orbit satisfy all

these restrictions.

equations, the guiding factor was that SGP8 should have a
computer runtime and core size comparable to SGP and
SGP4, yet should retain most of the prediction accuracy of the
full theory. Since the full theory contains several terms which
only become important for larger. eccentricities, it was. felt
many terms could be dropped without affecting predictions
on most satellites. Furthermore, it can be shown that many
terms included in the full theory are much smaller than the
differences introduced by using the power density function
atmosphere to model the real-world atmosphere. Thus, in an
operational environment, many of the differences between the
full theory and the simplified theory will be masked by dif-
ferences between the model and the real world.

In order to determine the simplified set of equations, a set
of reference orbits was generated using an eighth-order
Cowell numerical integration with a 1-min step size. The
equations of motion had the power density function for the
atmospheric model and the zonal harmonics through J, for
the gravitational model. The reference orbit parameters were
selected to span the range of orbital elements for which the
full theory was originally developed.

The standard for comparison was established by testing the
performance of the full model against the reference orbits.
Since an exact transformation from osculating to mean
elements is not available, a set of seven constants was
determined through a least-squares fit of the analytical theory
to the first day of the given reference orbit. The constants are
initial values of the ‘‘mean’’ mean motion, eccentricity, in-
clination, mean anomaly, argument of perigee, longitude of
ascending node, and the drag parameter B*=Y2p,CpA/m,
respectively, where Cj, is a dimensionless drag coefficient, A
is the effective cross-sectional area of the satellite of mass m,
and p, i$ a reference density value for the power density’
function. These constants were then used to make a prediction

with the analytical theory over the second day of the given

reference orbit. The vector magnitude differences between the

- analytical theory and the numerical reference for both the fit

and prediction spans were then computed and plotted.
As terms to be dropped from the full theory were identified,
numerical comparisons were made with the reference orbits in

. the same manner as described above. Only a term whose

absence gave minimal degradation throughout the range of
reference orbits was confirmed numerically as a term to be
excluded from the full theory. In this manner we arrived at a
simplified theory with fast runtime and small size and only a
slight loss of accuracy for the more eccentric satellites.

Before discussing the terms to be dropped from the full
theory, let us outline the solution of Hoots. This solution used
a portion of the work of Brouwer® as modified by Lyddane?®
along with application of the method of averaging to provide
a sequence of transformations to a set of triple-primed
variables whose differential equations contain only secular
and long-period variations through second order. All short-
period variations were removed by the transformations and

'
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are given explicitly through first order by the transformation

equations. Here we have taken J, and drag to be first order”

and the other zonal harmonics to be second order. The triple-
primed differential equations were then integrated
analytically and this solution in conjunction with the trans-
formations gives equations for computing the six osculating
orbital elements which describe the orbital motion of the
satellite. )

Predictions are made by first calculating the secular effects
of gravity and atmospheric drag through the equations

nT=f e =)
e"=f () Q=)

) =f3(t)
M"=f(t) (1)

where the functions f; are explicit functions of the time ¢ and
the constants ng, e;; Iy, wg, Q7; M{, which are the values at
the time ¢, of the triple-primed mean motion, eccentricity,
inclination, argument of perigee, longitude of ascending
node, and mean anomaly, respectively. Here we have in-
troduced the convention that a subscript 0 denotes the value at
time ¢,.
A change of variables is then made to the alternate set

x'=e”sinw” ‘xy=e”cosw” y/=M"+w"” 2
and the transformation to double-primed variables is made by

” "__ "__ om
n”"=n"+onp, xj=x{+06x,, xzfx2+6x2D

III =IIII Qll=ﬂlll yI”=y1”,+6y1D (3)
“where dnp, 8x,p, 6x,p, 8y, are first-order periodic variations
due to drag and are functions of the triple-primed mean
variables. Next, a change of variables is made to a set which is
needed for the Lyddane-modified Brouwer transformation.

These variables are
Z;’= (#/n” 2) 1/3

zy=e"sinM” zj=e"cosM”

z4=sinl"/2 sinQ” z5=sinl"/2 cosQ” zZg=y;+Q”

“

where p is the product of Newton’s gravitational constant and
the mass of the Earth

e’ =Vx7+x)? o =tan~l(x}/x}) M’=y/-w" (5

The transformation to the osculating state is then given by

2, =2;5+62,

7;=27+8z, Z;=25+0z;
Z2,=2/+0z, Z5=2§+82; 25 =24 +0z4 6)

where the &8z; are. first-order periodic variations due to
geopotential and are functions of .the double-primed
variables. Osculating orbital elements can then be calculated
by

e="zi+2] Q=tan~'(z,/25)

I=2sin ! (VzZ+2%) a=z,

w=z,—~M—-Q (7)
M=tan~!(z,/z;)

where a, e, I, M, w, { are the osculating semimajor axis,
eccentricity, inclination, mean anomaly, argument of perigee,
and longitude of ascending node, respectively. Osculating
position and velocity can then be calculated in the usual
manner.

The first type of term to be considered for simplification
was the short-period drag periodics of Eqs. (3). It was found
that these terms could be excluded from the theory with
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negligible effect. Second, we dropped terms of the form of
drag coupled with drag which appear in the secular Eqs. (1)
for mean anomaly and argument of perigee. The next type of
term examined was of the form of drag coupled with gravity.
Although terms of this form occur in the triple-primed dif--
ferential equations for all six orbital elements, it was found
that the direct effect on each of the elements was very small.
However, since changes in the mean motion and eccentricity
directly cause changes in total drag and since the mean motion
is integrated a second time in the mean anomaly equation, it
was found that the dominant part of the coupled terms must
be retained in the mean motion and eccentricity differential
equations, but all coupled terms can be neglected in the other
four differential equations. )

It is well known that the gravitational model of Vinti®
allows algebraic combination of the second and fourth zonal
harmonic terms. Since the Vinti potential differs from the true
gravitational coefficients, we found that adopting the Vinti
relationship J,=—J} caused measurable degradation.
However, if we use the Vinti potential in the long-period
terms only and retain the values of J, and J, in the secular
terms, we found a significant algebraic simplification in our
equations with little loss of accuracy. In addition, adopting
the Vinti potential removes from SGP8 any singularities at the
critical inclination.

The final simplification concerned the purely gravitational
terms. It was found that terms of size second order times e?
could be neglected in the secular .gravitational terms. Ad-
ditionally, the gravitational periodics can be simplified
considerably. It has been shown by Hoots ! that the Lyddane-
modified Brouwer geopotential - transformation can be
reformulated in terms of an alternate set of variables which
allows a direct conversion from double-primed elements to
Cartesian position and velocity while reducing the formula
amount of the transformation by one-third. By using this
alternate set. of variables and retaining only the dominant
periodic terms, we obtained a significant decrease in the
number of terms in the transformation while sacrificing little
in accuracy for most satellites.

Simplified Equations
The final set of equations which incorporates all the
simplifications "discussed in the previous section is sum-
marized. Given initial values of the triple-primed orbital
elements and the drag parameter, predictions at time ¢ are
made by first calculating the constants

p=2ﬁ5—ﬁoﬁo 7=_& 1
3 — 1, iy fig (p—2)
np=ny+n,/py g=1—¢€,/é,y eDée0+é0/q7
. 3 nk,
My=—3 e (1-362)
3 nk? ' '
=15 04327 (13 —7892 +1376%)
. 3 nk
o==3 a262‘ (1-592)
3 nk3 5 nk
== 7—11487 +3950%) + = —% (3—3602 + 490+
by = 2 i + )+ igs (33607 +490%)
. nk,
QI=_3a2‘B“0
3 nkj 5 nk
== 4-1902) += —L 9(3—792
, “4380( 90)+2a4680(3 762) (8)
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where all quantities are triple-primed variables evaluated at
t,, where niy, iy, Fg,€,, €, are given in the Appendix,where

0=cosly k,=%J,R?  k,=—%J,R*

and where R is the Earth equatorial radius.
Triple-primed elements at time 7 can be calculated by

n” =np— (nD—né") [I-Y(t“’o) 17 |
e” =’eD+ (eé”"'ep) [I—Y(t—to) ] 7

=1y
. 7 1 o
o” =wg+a, [(t—‘o)"“_’mzl]"‘wz(f“to)
3 ng
' . 7 1 .
Q7 =07+ 9, [(t—t‘o).+§ n—mz,] +8,(t—1,)
7 1
M" =MJ+nl(t—t,) +Z,+ M, [(t to)+ —Zz]
- ny
+M2(t_to) . (9)

. where

2= 20 ((t=tg) + s (U =1(t=19) 17+ = 1})

(p+1)

The geopotential periodics are included by first calculating the
quantities

a”p"? . n"a"e™ |
rm:I_-i-—e_”’E(:st'_’” = B” sinf”
(rf)”'=nm‘:”# N =u" +Q"

yi=sin I"/2 sinu”

y§'=sin I"/2 - cosu™ (10)
where
a”=(u/n")% . BT=(I-e"%  u"=f"+u"

and where f” is the mean true anomaly at time ¢ and has the
same functional relationship to e” and M” as the osculating
true anomaly f has to e and M. The transformation to the
osculating state is given by :

‘

S F=r"+0r
rf= () " +8(rf)

Ye=yl4cosu”sinI” /2 bu+ Vssinu”cosI”/2 Sl

r=r" +or

XN=A"+0A

y5=y5'”-ysinu‘”’sinI"”/2 du+ Yacosu™cosI”/2 &I (11)

where
I

A
or=— L7l (- 02)cos2u+3(1 302)] - ~2%inksinu
2 aB? 4 k,

--n() [ -

Aso
2 6 v sinfcos2u — 7 k,a8?

L4 )
—62)sin2u+ - k3’° sinIcosu]

2

oI=0 [ esin(n]
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5(rf)-——n( )5r+ a( )im—lél
I k,

du= 234[/(1 762)sin2u — 3(1 502)(f—M+esm,f)]
1 2 [sntcosu(z eosp +5 ' w]
4k, /3 sinfeosu(2-+ecosf) + 5 G eosliz
1 k,

BN=3 zge [/ +69—707)sin2u

—3(1+20-50%) (f—M+esinf) |

1 A
42 230

ef
4 kB’ smI[~—— cosw— (2 + ecosf) cosu] (12)
24

1+90

_in which all quantities are triple-primed elements at time 7 and
Az o=—J3R°,

Cartesian position and velocity can now be calculated
directly. Let U be a unit vector in the direction of the
osculating radius vector, and let ¥ be a unit vector in the
osculating orbital plane such that U, ¥, and the osculating

angular momentum form a right-handed orthogonal system
Then

U,=2y, (yssin)\—y,,cbs)\) + CcosA
U,=—2y,(y;cosA+y,sinN) +sin\

U,=2y,cosl/2

V,=2y;(yssin\— y ,c0s\) —sin\
V,=—2y;(yscosA+y,sinh) +cosh ’
V,=2y;scosl/2 (13)

where U,,U,,U_,V,.V,,V, denote the x,y,z components of
the vectors U and V¥, respectively, and where

cosl/2=~N1-y% -yl
The osculating position r and velocity r are given by

r=rU  F=fU+rfV 14

Comparison with Other Theories

The SGP8 equations have retained most of the prediction
accuracy of the full theory except for satellites with larger
eccentricity. In particular for satellites with e<0.05, the
average prediction degradation for the simplified theory is
less than 2%. Additionally, the computer runtime and core"
size of SGP8 is-comparable to SGP and SGP4.

The performance of the three simplified theories (SGPS,
SGP4, SGP) cannot be determined by comparison with the
reference orbits discussed above, since all three theories were
derived from slightly different sets of equations of motion.

. Moreover, since ultimately a satellite theory will be used in a
real-world environment, it was decided to use a set of
simulated real-world test cases to compare the three simplified
theories. ,

The simulated real-world reference orbits (inertial position
at 10-min intervals) were generated using the same numerical
integrator discussed in the second section and had for a
gravitational model a twentieth-order truncation of the
Goddard Earth Model 9 (see Lerch et al.!!). The atmospheric
model used was the Jacchia !> model with constant solar flux
of Fy5,=150 (units of 10-%2 W/m2/cycle/s) and constant
geomagnetic index of a,=0. All reference orbits were
generated with a drag coeff1c1ent Cp A/m=0.02 mz/kg, an
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initial longitude of ascending node of 0 deg, and an initial
argument of perigee of 30 deg.

Five eccentricity bands were selected to span the range
between 0 and 0.1, with three different inclinations for each
eccentricity band. Finally, semimajor axis was selected so that
the first point of each reference orbit would be four days
before decay. These orbital characteristics are summarized in
Table 1. The three models (SGP8, SGP4, SGP) were com-
- pared with the reference orbits by determining for each model

a set of seven constants (six orbital elements and a drag
. parameter) through a least-squares fit of the theory to the first

-.20 -.00
DAYS SINCE EPGCH

day of the given reference orbit. These constants were then
used to make a prediction over the second day of the reference -
orbit. In Table 2 the rms of the vector magnitude differences
between each theory and each reference orbit is tabulated for
both the fit span and the prediction span. The fit rms is given
first, followed by the prediction rms, with all in units of
kilometers. The epoch time for each case is at the end of the fit
span and is three days before decay. For illustration, graphs
of vector magnitude differences for test cases 7 (Fig. 1) and 14
(Fig. 2) are given. The symbology is an octagon for SGP8, a
triangle for SGP4, and a plus for SGP. '
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Table 1 Orbital characteristics Table2 Fit/prediction rms
Epoch )
Epoch Epoch Epoch inclination, Case no. SGP8 SGP4 SGP
Caseno. perigee, km apogee, km  eccentricity deg :

1 235 243 0.0007 15 1 0.85/2.21 1.64/6.25 6.93/104.04

2 230 242 0.0009 45 2 0.68/3.71 0.88/3.80 4.52/103.80

3 218 237 0.0014 75 3 1.07/9.27 1.43/97.94 4.15/99.86

4 222 259 0.0028 15 4 0.63/4.24 0.75/5.16 4.41/101.11

5 209 ) 256 0.0036 .45 5 0.70/17.36 1.50/98.29 3.37/102.69

6 195 -253 0.0044 75 6 0.96/21.30 1.54/97.57 3.04/105.23

7 203 294 0.0069 15 7 0.61/13.21 1.44/106.97 3.92/111.97

8 191 295 0.0079 45 8 0.69/33.44 1.45/102.90 ©2.49/108.10

9 178 298 0.0090 75 9 0.87/25.57 1.56/110.34 2.54/109.72
10 154 718 0.0414 15 10 0.73/11.34 1.93/127.31 3.13/129.99
11 142 - 693 0.0405 45 11 0.87/53.50 3.14/274.25 3.45/275.79
12 132 809 0.0495 75 12 1.15/33.28 4.83/347.94 4.60/345.60
13 140 1334 0.0839 15 13 2.12/67.42 4.13/189.07 4.54/190.80
14 129 | 1241 0.0788 45 14 1.76/14.63 7.02/463.43 7.11/465.65
15 121 1315 0.0842 75 15 2.31/54.04 7.53/672.31 6.53/667.49

Conclusions

A simplified general perturbations theory has been

developed which is fast, efficient, requires minimal computer .

storage space, and provides low altitude satellite prediction
accuracies which are significantly improved over other widely
used general perturbations theories. For satellites within a few
days of decay, the average prediction accuracy improvement
is a factor of 11 over other analytical theories. The new
equations have maintained much of the prediction accuracy
of the full theory, yet have only about 16% the total formula
amount, resulting in a computer runtime and core size nearly
the same as other simplified theories. .

The simulation of the real-world has purposely avoided
such variables as unmodeled density variations, data noise
and biases, and data gaps, since these would tend to cloud the
issue of which theory is the better mathematical model. When
these are included, the enhancements may not appear as

B=B*(gy—s)* B2=1-¢’ a=(p/n?)"*

a?=]+e? "Co=Bnatta-1y -7
D, =1572+ (5/2)n*  D,=5n+ (15/4)1°

By =(Aj/k;)sinl C,=D,D,B,

t£=1/(aB?—s) np=est
C,=(3/2)na’*C,
D5 =E‘// -2

C,=D,D;B,

dramatic in every case but should still consistently provide an
improvement over other general perturbations theories.
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Appendix

The equations for calculating the constants 7, 7ig, #g,ég,
and é;" are given below. All quantities are triple-primed
variables evaluated at 7). The parameters g, and s are ad-
justable parameters for the power density function.

V=T=?

D,=12+369%+ (9/2)n*

0=cosl
D.] =£¢_2/a62
B,=—k, (1-302)

B,=—k,(1—6?)

C,=D,D,B, C;=D;D,B,

Ro=C; (2437 +20en+5en’ + (17/2)e? +34e?n? + D, D, B, + C,cos2w+ C;sinw)

Dy=30n+ (45/2)9° D, =50+ (25/2)9°

éy=—Co(4n+n? +5e+15en? + (31/2)e?n+ 7e?n3 + D, DB, + C,cos2w+ Cssine)
Viy=—niy~?
Dy =6n+20e+ 15en? + 68e?y

D,, =,é/5‘2¢/‘”

£/&=2at (C4B? +eé) 7= (é+ef/t)st

C,/C;=n/n+4a/a+C,/C,
D, =30+ 1093 D,;=5+(45/4)n?

DI=DI(D14+D15) D2=17’D11 D3=ﬁD12

¢2=82 (D;D;+D,D;) C;=B;(DsD,+DsD,)

+=1D;

o= —(3/2) (nk,/a’B*) (1-562)

D=1+ (27/4)n? +9*

RN

C,=Ysni/n

a/a=eéa?
Cy/Cy=Cys+4E/E=G/a—TY/Y
Do =20q+ 573 + 17e+ 68en? D, =72n+ 1893
Ds=2(C,;+eéB~?)
D;=D,D,,

lig=nC;/C;+C,Dys

Dys=Dyiy+Dyé+ B, (D,D,+D,D,) +C,cos2w+ C;sinw+ & (C;cos0 — 2C,sin2w)

€,=€6Cy/Cy—C, ([4+3n2 +30en+ (31/2)e? +21e?n? |+ (5+ 1592 + 31en+ 14en’ ) é

+B,{D,Ds+D;#[30+ (135/2)n2]} + B, (D, D, + D, 7[5+ (75/2)n?] }cos2w

+ B, [DsDy+ Dsniy(27/2+45?) Isinw + & (C;cosw — 2C,sin2w) )
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D,,=ri/n— (#i/n)?

Djy=E/8~(£/8)?

E/e=2(£/8—Cy)E/E+2akE (V5D ,,B7 = 2C 406+ 62 + 6)

Dyg=—(Y/¥)2 (1 +n~2) —niy 2
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= (6+26§/£)sE+né/E

D,;=D;(D;+D5)+D,(D;3—2D,y) + %D, + 202623 ~* + 2eé3 ~2)

fig=n[(4/3)Dy;+362a 2 +3eéa~2 —6(&/a) 2 +4D 5 — 7D, 1 +iC,/C,

+C; (D sC,/C, +Dyii+ D,y + 72 (6+ 30en + 68e? ) + 76 (40+ 3092 + 272en) +62 (17+6842)

+B,{D,D,+2D,D,+D,[#iD;,; +%2(72+5492) ] )

+B,(D,D;+2D,D; +D, [#D,, +#? (30+309?) ] Jcos2w

5

+B;{[DsD};+D;(D;s—2D,,) 1D, +2D,Ds+D; [#D,; + (45/2) 732 ] }sinw

+@&[(7Cs+4eéB~2) (Cycosw—2C,sin2w) +2C;c080—4C,sin2w— & (Cysinw+4C,cos2w) ] )
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